Abstract
x,t | x ∈ X , t ∈ Y} | Φ | R ,
where the endomorphisms Φ of G's finite L-presentation X | Q | Φ | R are 156 extended to endomorphisms Φ = { σ | σ ∈ Φ} of the free group F (X ∪ Y) by 3 The Reidemeister-Schreier process
213
In the following, we briefly recall the Reidemeister-Schreier process for finite 214 index subgroups as, for instance, outlined in [21, 31] . For this purpose, let G be 215 a group given by a group presentation X | K where X is a (finite) alphabet 216 which defines the free group F and K ⊆ F is a (possibly infinite) set of relations.
217
Denote the normal closure of K in F by K = K F . Then G = F/K.
218
Let U ≤ G be a finite index subgroup of G given by its generators g 1 , . . . , g n .
219
Let T ⊆ F be a Schreier transversal for U in G (i.e., a transversal for U in G 220 so that every initial segment of an element of T itself belongs to T , see [21] ; 221 note that we always acts by multiplication from the right). We consider the 222 generators of U as words over the alphabet X and thus as elements of the free 223 group F . Then the subgroup U = g 1 , . . . , g n satisfies that U ∼ = UK/K. In the shows that the subgroup UK ≤ F is freely generated by the 228 Schreier generating set 229 Y = {γ(t, x) = 1 | t ∈ T, x ∈ X }.
In particular, the Schreier theorem yields that a finite index subgroup of a 230 finitely generated group is itself finitely generated. We consider the set Y as 
236
Proof. Let g, h ∈ H be given. Write g = g 1 · · · g n and h = h 1 · · · h m with each 237 h i , g j ∈ X ∪ X − . Then, as g 1 · · · g n = g = 1 holds, we obtain that 
meister-Schreier rewriting, T denotes a Schreier transversal for U in G, and if

244
X | K is a presentation for G, the subgroup U is presented by
Proof. We recall the proof for completeness: Notice that U ∼ = UK/K ∼ = fore suffices to determine a normal generating set for τ (K). As K is a normal 248 generating set for K ¢ F , a generating set for the image τ (K) is given by 249 τ (K) = {τ (grg −1 ) | r ∈ K, g ∈ F } . Since T is a transversal for UK in
250
F , each g ∈ F can be written as g = u t with t ∈ T and u ∈ UK. This 251 yields τ (K) = {τ (utrt −1 u −1 ) | r ∈ K, g = ut ∈ F } . For each relation 252 r ∈ K, we have that trt −1 ∈ UK and u ∈ UK. By Lemma 3.1, we obtain that 253 τ (utrt −1 u −1 ) = τ (u) τ (trt −1 ) τ (u) −1 . Therefore τ (utrt −1 u −1 ) is a consequence 254 of τ (trt −1 ) and hence, it can be omitted. Thus a normal generating set for 255 τ (K) is given by τ (K) = {τ (trt −1 ) | r ∈ K, t ∈ T } F (Y) . P
256
In particular, if U is a finite index subgroup of a finitely presented group G,
257
there exist a finite set of relations K and a finite Schreier transversal T so that 258 the subgroup U is finitely presented by Theorem 3.2. This latter result for 259 finitely presented groups is well-known and it is often simply referred to the 
271
Since the Basilica group G is invariantly L-presented, the substitution σ induces
272
an endomorphism of G. The group G will often provide an exclusive (counter-)
273
example throughout this paper.
274
Consider the subgroup U = a, bab −1 , b 3 of the Basilica group. Then coset-
275
enumeration for finitely L-presented groups [13] shows that U is a normal sub-276 group of G with index 3. A Schreier generating set for the subgroup U is given
, and x 4 = b 3 .
278
Denote the free group over {a, b} by F and let F denote the free group over 279 {x 1 , x 2 , x 3 , x 4 }. For each n ∈ N 0 , we define a n = (2 n +2)/3 and b n = (2 n +1)/3.
280
Then the σ-images of the iterated relation r = [a, a b ] can be rewritten with the
281
Reidemeister rewriting τ : F → F. Their images have the form
, if n is even,
, if n is odd,
. Therefore, the images 284 τ (r σ i ) split into two classes which are recursive images of the endomorphism
for each n ∈ N 0 . In Section 8, we will show that a finite L-presentation for the 287 subgroup U is given by
where the endomorphism δ is induced by the mapping
These subgroup L-presentations are typical for finite index subgroups of a 290 finitely L-presented group. Besides, the subgroup U and its subgroup L-presen- there is no endomorphism ε of the free group F such that τ (r σ n+1 ) = ε(τ (r σ n )) 293 for each n ∈ N 0 . A reason for the failure of the proof in [1] is that the subgroup 294 U is not σ-invariant but σ 2 -invariant. Therefore, the method suggested in the 295 proof of [1, Proposition 2.9] will fail to compute a finite L-presentation for U .
296
Stabilizing subgroups
297
In this section, we introduce the stabilizing subgroups which will be central to 298 what follows.
299
Let G = X | Q | Φ | R be a finitely L-presented group and let U be 300 a finite index subgroup of G which is generated by g 1 , . . . , g n , say. Denote 301 the free group over X by F and let K = Q ∪ σ∈Φ * R σ F . We consider the 302 generators g 1 , . . . , g n of the subgroup U as words over the alphabet X . Thus 303 the subgroup U = g 1 , . . . , g n of the free group F satisfies U ∼ = UK/K. The Proof. As each g ∈ ker(ϕ) stabilizes the right-coset UK 1, the kernel ker(ϕ)¢F 310 is contained in the subgroup UK = ϕ −1 (Stab Sym(UK\F ) (UK 1)). Hence ker(ϕ) ≤
311
Core F (UK). Recall that Core F (UK) = x∈F x UK x −1 . We show that each 312 g ∈ Core F (UK) acts trivially on the right-cosets UK\F . Let t ∈ T be given.
313
Then, as F acts transitively on the cosets UK\F , there exists h ∈ F so that 314 t h = v ∈ UK. Then h −1 = v −1 t. As g ∈ x∈F x UK x −1 , there exists u ∈ UK
315
with g = h u h −1 . Hence UK t · g = UK t huh −1 = UK u h −1 = UK h −1 = 316 UK v −1 t = UK t and so g acts trivially on the right-cosets UK\F . Thus we 317 have g ∈ ker(ϕ) and Core F (UK) ≤ ker(ϕ). P
318
In the following we define the stabilizing subgroups. These subgroups will be 319 central to our proof of Theorem 1.1 in Section 6. 
The stabilizing core of U is
For each σ ∈ Φ * , we denote by σ the usual word-length in the generating 325 set Φ. The free monoid Φ * has the structure of a |Φ|-regular tree with its root 326 being the identity map id: F → F . We can further endow the monoid Φ * with a 327 length-plus-(from the right)-lexicographic ordering ≺ by choosing an arbitrary ordering on the (finite) generating set Φ. We then define σ ≺ δ if σ < δ 329 or, otherwise, if σ = σ 1 · · · σ n and δ = δ 1 · · · δ n , with each σ i , δ j ∈ Φ, and there
330
exists a positive integer 1 ≤ k ≤ n such that σ i = δ i for each k < i ≤ n,
331
and σ k ≺ δ k . Since Φ is finite, the constructed ordering ≺ is a well-ordering 332 on the monoid Φ * ; see [31] . Thus, there is no infinite descending sequences
334
We consider Algorithm 1 below. If ϕ: F → Sym(UK\F ) denotes a permu-
Choose an ordering on Φ = {φ 1 , . . . , φ n } with φ i ≺ φ i+1 . while S = ∅ do Remove the first entry δ from S. 
340
For each σ 1 ∈ Φ * there exists a unique σ n ∈ V so that σ 1 ϕ = σ n ϕ. The element 341 σ n is minimal with respect to the total ordering ≺ constructed above.
342
Proof. Let X be a basis of the free group F . Then a homomorphism ψ: F → 343 Sym(UK\F ) is uniquely defined by the image of this basis. Since UK\F is 344 finite, the symmetric group Sym(UK\F ) is finite. Moreover, as F is finitely 345 generated, the set of homomorphisms Hom(F, Sym(UK\F )) is finite. Therefore 346 the algorithm IteratingEndomorphisms can add only finitely many elements 347 to V . Thus the stack S will eventually be reduced and the algorithm terminates.
348
The ordering ≺ on Φ can be extended to a total and well-ordering on the 349 free monoid Φ * as described above. The elements in the stack S are always 350 ordered with respect to the total and well-ordering ≺. They further always 351 succeed those elements in V . In particular, the elements in V are minimal. Let 352 σ 1 ∈ Φ * be given. Then there exists w ∈ Φ * maximal subject to the existence of 353 δ ∈ V so that σ 1 = wδ. If w = 0 holds, then σ 1 ∈ V and the claim is proved.
354
Otherwise, there exists ψ ∈ Φ so that σ 1 = vψδ for some v ∈ Φ * and ψδ ∈ V .
355
The algorithm yields the existence of ε ∈ V so that ε ≺ ψδ and ψδϕ = εϕ. We 356 also have that σ 2 = vε ≺ vψδ = σ 1 . This rewriting process yields a descending 357 sequence σ 1 ≻ σ 2 ≻ . . . of endomorphisms. As ≺ is a well-ordering there exists 358 σ n ∈ V so that σ 1 ≻ σ 2 ≻ . . . ≻ σ n and σ 1 ϕ = σ n ϕ. Clearly, the element σ n is Proof. The identity mapping id: F → F is contained in the set V and it
369
represents the root of V . Let σ ∈ V be given. Then either σ ∈ Φ or there 370 exists ψ ∈ Φ and δ ∈ Φ * so that σ = ψδ. In the first case, the identity mapping 
383
Recall that ϕ: F → Sym(UK\F ) is a permutation representation for the group's 384 action on the right-cosets UK\F . Therefore, if T denotes a transversal for UK 385 in F , then σ ∼ δ implies that UK t · g σ = UK t · g δ , for each t ∈ T and g ∈ F .
386
We therefore obtain the following
387
Lemma 5.7 If σ ∈ Φ * satisfies σϕ = ϕ, then the subgroup UK is σ-invariant.
388
There are σ-invariant subgroups UK that do not satisfy σϕ = ϕ.
389
Proof. As σϕ = ϕ holds, we have UK t · g σ = UK t g for each t ∈ T and g ∈ F .
390
Let g ∈ UK be given. Then UK 1 · g σ = UK 1 · g = UK 1 and so g σ ∈ UK. The 
classes, the set of ϕ-leafs Ψ of V ⊆ Φ * is finite. We obtain the following
induces an endomorphism of UK. Moreover, each σ 1 ∈ Φ * can be written as 403 σ 1 = v σ with v ∈ V and σ ∈ Ψ * ⊆ End(UK).
404
Proof. We again follow the ideas of Algorithm 1. By Lemma 5.7, the condition 405 ψσϕ = ϕ implies ψσ-invariance of UK and hence Ψ * ⊆ End(UK). Write 406 W = {ψδ | ψ ∈ Φ, δ ∈ V, ψδ ∈ V } and let σ 1 ∈ Φ * be given. There exists 407 w ∈ Φ * maximal subject to the existence of δ ∈ V so that σ 1 = wδ. If w = 0, 408 then σ 1 = δ · id with δ ∈ V and id ∈ Ψ * . Otherwise, there exists ψ ∈ Φ and 409 σ 2 ∈ Φ * so that σ 1 = σ 2 ψδ and ψδ ∈ V . Note that ψδ ∈ W . Since U is 410 leaf-invariant, we have W = Ψ and hence ψδ ∈ Ψ. Therefore ψδ induces an 411 endomorphism of UK and we can continue with the prefix σ 2 of σ 1 . Clearly
Rewriting the prefix σ 2 yields a descending sequence σ 1 ≻ σ 2 . . . in Φ * .
413
As ≺ is a well-ordering, we eventually have
If the finite L-presentation X | Q | Φ | R satisfies Φ = {σ} and if there 415 exists a minimal positive integer 0 < j so that σ j ϕ = ϕ holds, then the set 
The stabilizing subgroupL is Φ-invariant (i.e., we haveL ψ ⊆L for each ψ ∈ Φ). Proof.
429
Let g ∈ K and σ ∈ Φ * be given. By Lemma 5.3, there exists a unique δ ∈ V 430 so that σϕ = δϕ. This yields that
) and so K ⊆L.
432
Let ψ ∈ Φ and σ ∈ V be given. Then either ψσ ∈ V or there exists 433 δ ∈ V so that ψσϕ = δϕ. In the first case, the image g ψσ of the element 434 g ∈L ⊆ (ψσϕ) −1 (Stab Sym(UK\F ) (UK 1)) stabilizes the right-coset UK 1 and 435 thus g ψσ ∈ UK. In the second case, there exists δ ∈ V so that ψσϕ = δϕ 436 and g ψσϕ = g δϕ . As g ∈L ⊆ (δϕ) −1 (Stab Sym(UK\F ) (UK 1)), the image g δ 437 stabilizes the right-coset UK 1. Hence UK 1 · g ψσ = UK 1 · g δ = UK 1 and thus 438 g ψσ ∈ UK. Therefore, in both cases considered above, we have that g ψσ ∈ UK 439 and so g ψ ∈ (σϕ) −1 (Stab Sym(UK\F ) (UK 1)). As σ was arbitrarily chosen, we 440 have g ψ ∈L which proves the ψ-invariance of the stabilizing subgroupL.
441
Let g ∈L be given. As id ∈ V holds, g ∈ ϕ −1 (Stab Sym(UK\F ) (UK 1)).
442
Hence the element g ∈L stabilizes the right-coset UK 1. Thus UK 1 · g = UK 1
443
and g ∈ UK. SinceL is the intersection of finitely many finite index subgroups 444 of F , the stabilizing subgroup has finite index in F .
445
Let N be a Φ * -invariant subgroup satisfyingL ≤ N ≤ UK ≤ F . Then, for
Since σ ∈ Φ * was arbitrary, we have g ∈L and thusL = N .
449
The stabilizing subgroupL = a, bab proves the V -invariance of UK.
463
Clearly, as V ⊂ Φ * holds, the Φ * -invariance of UK yields the V -invariance 464 of UK. On the other hand, suppose that UK is V -invariant. Let δ ∈ Φ * be 465
given. Then there exists σ ∈ V so that σϕ = δϕ. If g ∈ UK, then the image 466 g σ stabilizes the right-coset UK 1 as UK is V -invariant. We therefore obtain 467 UK 1·g δ = UK 1·g σ = UK 1 and hence g δ ∈ UK which proves the Φ * -invariance Proof. This is straightforward as the set V returned by Algorithm 1 is an 
the latter contradicts the minimality of j. Thus i = 0 and we have σ j ϕ = ϕπ 512 for a homomorphism π:
im(σ k ϕ) = im(ϕ), the homomorphism π is an automorphism of the finite group 514 im(ϕ). As im(ϕ) is finite, the automorphism π has finite order n, say. Suppose 515 that nj < k holds. Then we can write k = s · nj + t with 0 ≤ t < nj and s ∈ N.
516
This yields that ϕ = σ k ϕ = σ t σ s nj ϕ = σ t ϕ(π n ) s = σ t ϕ and σ t Y ϕ id. By 517 the minimality of j, we have t ≥ j. Therefore, we can write t = m j + ℓ with 518 0 ≤ ℓ < j and m ∈ N. This yields that ϕ = σ t ϕ = σ ℓ ϕπ m and thus σ ℓ Y ϕ id. the minimal choice of ℓ, we obtain thatṼ = {id, σ, . . . , σ ℓ−1 }.
530
Suppose that both σ ℓ Y ϕ id and id Y ϕ σ ℓ hold. Then, as we already 531 proved above, there exists an isomorphism π: im(ϕ) → im(σ ℓ ϕ) with σ ℓ ϕ = ϕπ.
532
Since im(σ ℓ ϕ) ⊆ im(ϕ) and π is bijective, π is an automorphism of im(ϕ). Then 533 automorphism π of the finite group im(ϕ), has finite order n, say. Write k = nℓ.
534
Then σ k ϕ = σ nℓ ϕ = ϕπ n = ϕ and so σ k ∼ id. Suppose that Φ = {σ} and that 535 the integer ℓ > 0 above is minimal. Then, by our minimal choice of k, we obtain 536 V = {id, σ, . . . , σ k−1 } for the set V returned by Algorithm 1.
537
The permutation representation ϕ: F → Sym(UK\F ) of the subgroup U = 
Moreover, L is the largest Φ-invariant subgroup of UK which is normal in F 547
and thus L = Core F (L). It is finitely generated, it has finite index in F , and
for all t ∈ T , we have UK t · g σ = UK t for each σ ∈ V . Let δ ∈ Φ * be given. By
552
Lemma 5.3, there exists σ ∈ V with δϕ = σϕ. Thus UK t·g δ = UK t·g σ = UK t 553 for each t ∈ T . Hence g δ stabilizes all right-cosets UK t and thus g ∈ ker(δϕ).
554
As δ ∈ Φ * was arbitrarily chosen, we have L = K.
555
The stabilizing core L is normal in F because it is the intersection of normal 556 subgroups. Since L ⊆ ker(ϕ) = Core F (UK) holds, the stabilizing core L is 557 contained in UK. As L = σ∈Φ * ker(σϕ) holds, the subgroup L is Φ-invariant.
558
Let N be a Φ-invariant subgroup which is normal in F and which satisfies 559 L ≤ N ≤ UK. Let g ∈ N , t ∈ T , and σ ∈ V be given. Since N is Φ-invariant,
560
we have g σ ∈ N . As N ¢ F we also have tg σ t −1 ∈ N or tg σ = vt for some 561 v ∈ N ⊆ UK. Thus UK t · g σ = UK vt = UK t and so g ∈ ker(σϕ). As σ ∈ V 562 was arbitrarily chosen, we have g ∈ L. This yields that N ⊆ L and hence 563 N = L.
564
of finitely many finite index subgroups ker(σϕ) with σ ∈ V . Moreover, L is 566 finitely generated as a finite index subgroup of a finitely generated free group 567 F . Let r ∈ R be an iterated relator of the L-presentation X | Q | Φ | R of G.
568
Then, for each σ ∈ V , the image r σ is a relator of G as well and thus we have 569 r ∈ ker(σϕ) and so r ∈ L. 
586
Let g ∈L and σ ∈ V be given. Then g σ ∈L, asL is σ-invariant. Since 587 g σ ∈L ⊆ Core F (UK) holds, we have tg σ t −1 ∈ Core F (UK) ⊆ UK, for each 588 t ∈ T . This yields that UK t · g σ = UK t and thus g σ acts trivially on the 589 right-cosets UK\F . In particular, we have g σ ∈ ker(ϕ) and g ∈ ker(σϕ). As 590 σ ∈ V was arbitrarily chosen, we have g ∈ L = σ∈V ker(σϕ in Section 3 shows that the subgroup U admits the group presentation
where τ is the Reidemeister rewriting. We will construct a finite L-presentation 614 from the group presentation in Eq. (7). First, we note the following Consider the notation introduced above. As G is invariantly L-presented, we
623
have K σ ⊆ K for each σ ∈ Φ * . Since the subgroup U is Φ-invariant, we also have 624 U σ ⊆ U and therefore (UK) σ ⊆ UK for each σ ∈ Φ * . By Lemma 5.12, we have
625L
= UK. Furthermore, as UK ¢F holds, we have L =L and thus UK =L = L.
626
Let t ∈ T be given. As U ¢ G holds, the mapping δ t : UK → UK, g → tgt −1
627
defines an automorphism of UK. The Reidemeister rewriting τ :
an isomorphism of free groups and therefore the endomorphisms Φ∪{δ t | t ∈ T } 629 of UK translate to endomorphisms Φ ∪ { δ t | t ∈ T } of the free group F (Y).
630
Consider the invariant finite L-presentation
In order to prove that the finite L-presentation in Eq. (8) defines the subgroup 632 U , it suffices to prove that each relation of the presentation in Eq. (7) is a 633 consequence of the relations of the L-presentation in Eq. (8) and vice versa.
634
For t ∈ T , r ∈ R, and σ ∈ Φ * , we consider the relation τ (t r σ t −1 ) of the 635 group presentation in Eq. (7). Clearly, this relation is contained in the finite 636 L-presentation in Eq. (8) as there exists σ ∈ Φ * so that (τ (r)) σ = τ (r σ ). Then
637
(τ (r)) σδt = τ (tr σ t −1 ). On the other hand, consider the relation τ (r) σ of the 638 finite L-presentation in Eq. (8) where r ∈ R and σ ∈ ( Φ ∪ { δ t | t ∈ T }) * . Write 639 Ψ = Φ ∪ { δ t | t ∈ T }. Since 1 ∈ T and id ∈ Φ * , we can write each image of an 640 element δ ∈ Ψ as τ (g) δ = τ (tg δ t −1 ) for some t ∈ T and δ ∈ Φ * . Since σ ∈ Ψ * ,
641
we can write σ = σ 1 · · · σ n with each σ i ∈ Ψ. Then the image τ (r) σ has the
Since T is a transversal for UK in F , we can write t n · · · t
where t ∈ T and u ∈ UK. This yields that τ (r) σ = τ (u t r σ 1 σ 2 ···σn t −1 u −1 ) = 645 τ (u) τ (t r σ 1 σ 2 ···σn t −1 ) τ (u) −1 , which is a consequence of τ (t r σ 1 σ 2 ···σn t −1 ). The 646 latter relation τ (t r σ 1 σ 2 ···σn t −1 ) is a relation of the group presentation in Eq. (7).
647
In summary, each relation of the group presentation in Eq. (7) is a consequence 648 of the finite L-presentation in Eq. (8) consider the iterated images {τ (r) σ | r ∈ R, σ ∈ Φ * }. A Schreier transver- 
invariant (see Section 7 below).
669
In the following, we use Theorem 6.1 to prove our variant of the Reidemeister-
670
Schreier Theorem for invariantly finitely L-presented groups first.
671
Proposition 6.3 Every finite index subgroup of an invariantly finitely L-pre-
672
sented group is finitely L-presented. and let U be a finite index subgroup of G. Denote the free group over X by 687 F . Define the normal subgroups K = Q ∪ σ∈Φ * R σ F and L = σ∈Φ * R σ F .
688
Let U ≤ F be generated by the generators of U so that U ∼ = UK/K holds. Then 
where the kernel K/L is finitely 695 generated, as a normal subgroup, by the image of the fixed relations in Q.
696
Thus, by Proposition 2.6, U is finitely L-presented as a factor group of a finitely 697 L-presented group whose kernel is finitely generated as a normal subgroup. P Therefore, we will study conditions on the subgroup U of an invariantly L- Proof. Let G = X | Q | Φ | R be invariantly finitely L-presented and let
712
U ≤ G be a leaf-invariant finite index subgroup of G. Clearly, we can consider
By Lemma 5.9, each ϕ-leaf ψδ ∈ Ψ ⊆ Φ * defines an endomorphism of the 715 subgroup UK. Moreover, Lemma 5.9 shows that each σ ∈ Φ * can be written as 716 σ = ϑ δ with ϑ ∈ V and δ ∈ Ψ * . Consider the finite L-presentation
where Y denotes the Schreier generators of UK and ψσ denotes the endomor-718 phism of the free group F (Y) induced by the endomorphisms ψσ of UK. For 719 t ∈ T , σ ∈ Φ * , and r ∈ R, the relation τ (t r σ t −1 ) of the group presentation 720 in Eq. (7) can be obtain from the above L-presentation as follows: Since each 721 σ ∈ Φ * can be written as σ = ϑ δ with ϑ ∈ V and δ ∈ Ψ * , we claim that the 722 relation τ (t r σ t −1 ) is a consequence of the image τ (tr ϑ t −1 ) δ . The latter image 723 satisfies that τ (tr ϑ t −1 ) δ = τ (t δ r ϑδ t −δ ) = τ (t δ r σ t −δ ). As δ ∈ Ψ * , we can write
Recall that δ i ϕ = ϕ holds. Thus the right-coset 725 UK 1 satisfies that UK 1 · t σ i = UK 1 · t = UK t and therefore UK t δ 1 ···δn = UK t.
726
Hence, there exists u ∈ UK so that t δ = ut and we obtain
which is a consequence of τ (t r σ t −1 ) and vice versa. Similarly, every relation 728 of the L-presentation in Eq. (9) is a consequence of the relations in Eq. (7).
729
Therefore, the invariant finite L-presentation in Eq. (9) defines the leaf-invariant
For finite L-presentations X | Q | Φ | R with Φ = {σ}, the leaf-invariance of 732 the subgroup U yields the existence of a positive integer j so that σ j ϕ = ϕ holds.
733
If we assume the positive integer j to be minimal, then V = {id, σ, . . . , σ j−1 }
734
and Ψ = {σ j }. In this case, the invariant finite L-presentation in Eq. (9) 735
Note that the subgroup U in Theorem 7.1 is not necessarily normal in G. How-ever, leaf-invariance of a subgroup is a restrictive condition on the subgroup.
738
We try to weaken this condition with the following 
The notion of a weakly leaf-invariant subgroup is less restrictive than leaf- ordering. Suppose that a subgroup U is weakly leaf-invariant with respect to 768 the ordering ≺. LetṼ ≺ andṼ < be the sets with respect to the orderings ≺ and 769 <, respectively. We first show that V < ⊆ V ≺ holds. Let σ ∈ V < be a ≺-minimal 770 counter-example with σ ∈ V ≺ . As id ∈ V ≺ , we have σ = id and therefore we can 771 write σ = ψδ with ψ ∈ Φ and δ ∈ Φ * . Now, V < can be considered as a subtree
772
and hence, we have δ ∈ V < and δ ≺ σ. By the minimality of σ, we have δ ∈ V ≺ .
773
Thus the element σ = ψδ satisfies ψ ∈ Φ, δ ∈ V ≺ , and ψδ ∈ V ≺ . Since the 774 subgroup U is weakly leaf-invariant with respect to ≺, we have ψδ Y ϕ id which 775 contradicts the assumption that σ = ψδ ∈ V < . On the other hand, let σ ∈ V ≺ 776 be ≺-minimal so that σ ∈ V < . As id ∈ V < , we have σ = id and hence, we can 777 write σ = ψδ with ψ ∈ Φ and δ ∈ Φ * . Since V ≺ is a subtree of Φ * , we also have δ ∈ V ≺ and δ ≺ σ. The minimality of σ yields that δ ∈ V < . Since ψδ ∈ V < ,
779
there exists γ ∈ V < so that σ = ψδ Y ϕ γ. Note that γ ∈ V < ⊆ V ≺ which 780 contradicts that σ = ψδ ∈ V ≺ as there would exists γ ∈ V ≺ so that σ Y ϕ γ 781 which is impossible. P
given by Lemma 5.13. Since U is weakly leaf-invariant, the weak-leafs Ψ in follows from rewriting the presentation in Eq. (7). P
831
The subgroup in Section 4 is a normal subgroup satisfying σ 2 Y ϕ id and 832 hence, Theorem 7.6 shows that this subgroup is invariantly finitely L-presented.
833
Even non-invariant L-presentations may give rise to invariant subgroup L- Clearly, we have σ 3 Y ϕ σ but for each 0 < ℓ < 3 we do not have σ ℓ Y ϕ id. Note 861 that the homomorphism π: im(σϕ) → im(σ 3 ϕ) with σ 3 ϕ = σϕπ is bijective.
862
Suppose there existed σ n ∈ Φ * so that the subgroup UK is σ n -invariant. By Moreover, U is a normal subgroup with index 3 in G and it satisfies σ 2 Y ϕ id.
887
By Lemma 5.14, there exists an integer k ≥ 2 so that σ k ∼ id; we can verify 888 that σ 4 ϕ = ϕ holds and thus we have σ 4 ∼ id. In particular, the subgroup U 889 is (weakly) leaf-invariant and normal. Therefore the following techniques apply 890 to this subgroup:
891
• As the subgroup U is a finite index subgroup of an invariantly L-presented group G, the general methods of Proposition 6.3 and Theorem 6.1 apply.
893
• As the subgroup U is leaf-invariant, the methods in Theorem 7.1 apply.
894
• As the subgroup U is weakly leaf-invariant and normal, the methods in
895
Theorem 7.6 apply.
896
We demonstrate these different techniques for the subgroup U . First, we con-897 sider the general method from Proposition 6.3. For this purpose, we first note 898 that the stabilizing subgroup L and stabilizing coreL coincide by Corollary 5.18.
899
The stabilizing subgroups L =L have index 9 in F and a Schreier generating Secondly, the subgroup U is (weakly) leaf-invariant and normal and there-917 fore, the methods in Section 7 apply. First, we consider the construction in 
